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Real Zeros of Polynomial
Functions

e Long Division and the Division Algorithm
 Remainder and Factor Theorems

« Synthetic Division

» Rational Zeros Theorem

« Upper and Lower Bounds

Section 2-4
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Division Algorithm for Polynomials

Let f(x) and d(x) be polynomials with the degree of f
greater than or equal to the degree of ¢, and d(x) = 0.

Then there are unique polynomials g(x) and »(x),

called the quotient and remainder, such that

Sx)=d(x)-g(x) +r(x)
where either »(x) = 0 or the degree of  1s less than the

degree of d.

f(x) = d(x)-q(x) + r(x)

dividend = (divisor)(quotient) + remainder

Divide f(x) by d(x) and write a summary
statement in polynomial form and fraction form.

f(x) = x2 - 2x + 3 dix)=x-1
A~
X=1 ] X*-2x +3
X
)
fr(\YQ? X-|+= —%+3
ALY
(\(-\)(x—n)-f.z = Y*-2x {9?\
X>-axt (4 2

X -ax+3 =X ax13 S
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Divide f(x) by d(x) and write a summary
statement in polynomial form and fiaction form.

f(x) =2x3-2x2+ x +3 dlx) =x2+x+ 3
z 24
Yo X+ 2207-2%7+ X + 3
2% +2X F4x

LAV ST S X —5x 3
aw - X X3 —d XR -Ll} — 12
-X t+15

Using Polynomial Long Division

Use long division to find the quotient and
remainder when 2x4 — x3 — 2 is divided by
2x2+ x + 1. Write a summary statement in
both polynomial and fraction form.

/ E—]

2)8‘,&-\( +| J QXL’ — x3+ OX1-+ OX -
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Remainder Theorem

If polynomial f(x) is divided by x — &,

then the remainder is » = f(k).

Factor Theorem

A polynomial function f(x) has a factorx — &£
if and only iff (k)= 0.

(X-K} remainjun= O
X=K s G;-F(,(;{-Df‘

K5 a=zero  f:

X-2L=0
X=>)—

Using the Remainder Theorem
Find the remainder when f(x) = 3x2 + 7x - 20 is divided by...

a)x — 2

Clx)= -?l?) ~(x) = 3(9)1-)-7!’-‘)"10
b)x+ 1 |2 19720
(x==) L-N= D=3 91-1)-20
c)x+ 4 >-1- lD_-—Q—(/

£(-4) = 36N +7(-q) -2

Are any of the above factors of {(x)?

£-28 -0 =0O

(o
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Fundamental Connections for Polynomial Functions

For a polynomial function / and a real number &
the following statements are equivalent:

1. x =k 1s a solution (or root) of the equation f{x) =0
2. k 1s a zero of the function 7.

3. k15 an x-mtercept of the graph of v = f(x).
4. x — k1s a factor of f(x).

Using Synthetic Division

Divide 2x3 - 3x2 — bx — 12 by x — 3 using
synthetic division and write a summary
statement.

|
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Divide using synthetic division, and write a summary
statement in fraction form.

X3 —bx?2+ 3x -2
X+ 1

Find all the zero of 8x3 - 30x2 + 13x + 30

given X — 2 1s a factor
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Find all the zero of 2x3 — x2 - 41x - 20

given 2x + 1 1s a factor

The Rational Root Theorem

For a polynomial function Ax" + Bx"™! + Cx"? + ... + Z, where

A, B,C, .. Zare constants, let q be all of the positive and negative integer
factors of A (the leading coefficient) and let p = all of the positive and
negative integer factors of Z (the constant term). Then if there are any
rational roots of the function, they are of the form *P/q for any
combination of p's and q's.

For example, for f(x) = 6x - 4x° + 9% + 3,
q=1,2,3,6 —~ —p=1,3

5

This is a complete list |
of any possible rational ! P - +1 +3, +
roots of f(x) q
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Finding the Rational Zeros

Find the rational zeros of f(x) = x3 = 3x2 + 1

Finding the Rational Zeros
Find the rational zeros of f(x) = 3x3 + 4x2 - bx - 2
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Use the Rational Zeros Theorem to write a list of all
potential rational zeros. Then determine which ones, if
any, are zeros.

f(x) =6x3-bx -1

Find all real zeros of the function, finding exact values
whenever possible. Identify each zero as rational or
irrational.

f(x) =2x4 - 7x3 - 2x2 - 7x — 4
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