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Antidifferentiation by Substitution

6.2

What you’ll learn about

* Indefinite Integrals

* Leibniz Notation and
Antiderivatives

* Substitution in Indefinite
Integrals

« Substitution in Definite
Integrals

...and why

Antidifferentiation techniques
were historically crucial for apply-
ing the results of calculus.

Indefinite Integrals

DEFINITION Indefinite Integral

The family of all antiderivatives of a function f(x) is the indefinite integral of f
with respect to x and is denoted by [f(x)dx.

If F is any function such that F'(x) = f(x). then [f(x)dx = F(x) + C, where Cis an

arbitrary constant, called the constant of integration.

EXAMPLE 1 Evaluating an Indefinite Integral

Evaluate [ (x* — sin x) dx.
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Properties of Indefinite Integrals
ka(x}dx = kjf(x) dx for any constant k
J(f(x) * g(x) dx = Jf(x) dx * Jg(x} dx

Power Formulas

n+1

i
u du =
j n+ 1

Trigonometric Formulas

+ Cwhenn # —1

Jcosudﬂ =sinu+ C
Jsc@ wdu = tanu + C

JSCC tanu du = secu + C

Je’“ diu =e" +C

Jlnu du=ulnu—u+ C (See Example 2)

Jlngdu du = J'"—”d -

wlnu —u
+ C
" lna

Exponential and Logarithmic Formulas

Ju_ld:.tZ ldH= Inlul + C

(see Example 2)

Jsinudu = —cosu+ C
Jcs@ udu = —cotu + C

Jcscu cotud = —cscu + C

C

ai(
a'du = +
Ina

EXAMPLE 2 Verifying Antiderivative Formulas

Verify the antiderivative formulas:

(a) Ju"l du = J&cfﬂ =Inlul +C

(b) [mudu=ulnu—u+C
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Are ff(u) du and ff(u) dx the Same Thing?

EXAMPLE 3 Paying Attention to the Differential

Let f(x) = x* + 1 and let # = x%. Find each of the following antiderivatives in terms of x:

(a]Jf{x) dx (b) Jf{h‘}{f{{ (c) Jf{n)dx

Substitution in Indefinite Integrals
The Chain rule for antiderivatives...

EXAMPLE 4 Using Substitution

Evaluate [ sin x e®* dx .
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EXAMPLE 5 Using Substitution

Evaluate [ x> V5 + 2x3dx.

EXAMPLE 6 Using Substitution
Evaluate [ cot 7x dx.
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EXAMPLE 7 Setting Up a Substitution with a Trigonometric
Identity
Find the indefinite integrals. In each case you can use a trigonometric identity to set up
a substitution.

’ Q
(a][i (b) Jms*‘xdxi ((UG X (<X d\(

| = (o) cosy dx
Pr Yl
‘,S/(/\\(
L 0
SS@QQCQ@W uTcsrely

.4 _

Gy \ : S - u® dy
.
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Substitution in Definite Integrals
=
EXAMPLE 8 Evaluating a Definite Integral by Substitution

Evnluuch tan x sec? x dx.

(i
0l see) sea

U:SQ&X
du- Secx funy cdx

_ [
V\‘SCKQ‘*Q(J T
\

M:Sfﬁgi?ﬂiéﬁ\
2
j w dy S u du
\
12
LA : U
=~ U %
! ' #(5 ~
AL e < x)
»1\‘\ 0
Rl (3
Q

EXAMPLE 9 That Absolute Value Again
rl
aluate X 2
Evaluate J(] 1 di\ =¥ q
d“ = an d X

e E\ o
Q\Jn u

AN </ 1
;@”3%9&\

U= yigk{

2F9)
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Assignment #1:
page 337/ Quick Review 1 to 10
page 337/ 1 to 29 odd

Assignment #2:

page 338/ 31 to 43 odd
53 to 67 odd
STQ, 71 to 76

Quick Review 6.2 (For help, go to Sections 3.6 and 3.9.)

In Exercises | and 2, evaluate the definite integral. S5.y=(x¥—2x2+3)* 407 - 22 + 302 — 40
2 5 ) .
6. v=-sin? (4x — 5) Ssin(4r — 5)cos (4r — 5)
1. j xtdx 325 2, J Vx—1ldx 1653 ’ ( ) )
0 1 7. y=Incosx —tanx
In Exercises 3-10, find dy/dx. 8. y=Insinx cotx
9. y=In(secx + tanx) secx

X X
T I3 1x = 3 X
3.y L tdr 4y _L Ade 10. y=1In(cscx + cotx) —cscr



7_2 Antiderivatives and Substitution.notebook December 14, 2017

Section 6.2 Exercises

In Exercises 1-6, find the indefinite integral.
1. "(cos x — 322 dv 2. [x’z dx —xl 4
sinx =+ J

[ L R dr —
3."\& rz)d’ +17 4',[11“ tan™' 1 + €

6. [(zw + secx tanx — V) dx

5. ]'(,w'— 2073 + sec?a) dx
v — W2 4 r

VWS 4 v 2 ran oy 4 0

In Exercises 7-12, use differentiation to verify the antiderivative
formula.

7. "csc2 wdu=—cotu+ C 8. [csc ucotu= —escu+ C

“(—cotu + ) = —(—cse? i) = cse? i
9. [gz*d;f:;flwc 10. [s‘fi;c:]%s#c
J < See page 340 J M9 See page 340

1 1
—  u=tan! — gin—!
11 [] ) du=tan"'u+C 12. [\/7] du=sin"'u+C
See page 340, See page 340

16. f(u) = sinwand u = 4x  See page 340

In Exercises 17-24, use the indicated substitution to evaluate the

integral. Confirm your answer by differentiation.

17. [sin 3xdx, u=3x —l—\\.'na 3x + C

5

u=y*+4y?+1
Zivd 4+ Al 4+ 1¥

24, 8( A4 4y 4+ 1)y + 2y) dy,

[x cos (2x2) dx, u=2x2 %.\m (203 + ¢
19. [scc 2xtan 2x dx, wu = 2x l—‘ sec 20 +
20. [78('& —2¥dx, u=Tx—2 (Tx—20+¢C
(1/3) tan=" (x/3) + C 2 —-6V1—-F+cC
dx X [ 9r=dr
21. == 2 | 2= u=1-3
[x2+9 3 o " "
"2, f f ;
2%.[ l—cos— sin7dr‘, u=]—cos; %’|'J—L-\-,h'_;'|"+(_
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In Exercises 25-46, use substitution to evaluate the integral.

dx i} +C 26. lsecz (x+ 2)dx g

= Ja-x? I

27. l Vtan x sec? x dx

28. lsfc 0+ % tan [0 + %'dﬁ)
29, l tan(4x + 2) dx 30. l 3(sin x)~2 dx
31. |cos (3z +4)dz 32. l'\, cot x csc? x dx
6
33. l In L 4 34. lmlﬂ —sec? —d,\
35 ls“"uox(:“f@)ds 36. l dl
sin?
. . .
7. \]I]‘(—f + 1) dt 38, l 6 cos t
Jcos?(2t+ 1) (2 + sin !)‘
39. dx 40. l tan? x sec?x dx
Jalnx
41, :\(ir 42, l 40 dr
JFT
" dx dx
43. 44.
J cot 3x J

45, lsec xdx (Hint: Multiply the integrand by
: sec x + tan x
secx + tanx
and then use a substitution to integrate the result.)

46. lcsc xdx (Hint: Multiply the integrand by
: cscx + cotx
cscx + cotx
and then use a substitution to integrate the result.)

29. u]‘mnm +2)dx . _ﬂ_ﬁﬁ)@—
’ we $x+2 /aS(LfX*n)

Auw4 dx
TrLtflA-_ d’(

“Ifg “ﬁ\r\v\ dm

Zflgmdu /ef‘uu——(asu

(TN
dW: ‘S‘:—/\u dU\

4
gy o

—%l jr\h/ +
-_‘/I/n(/om\ +

-? /pn(ms (‘()(.Q% 4 <
{
\é‘\dm Nsiaklery) Y
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27. [ Vtan x sec? x dx

In Exercises 47-52, use the given trigonometric identity to set up a
u-substitution and then evaluate the indefinite integral.

47. [sin3 2xdx, sin®2x =1 — cos? 2x

e

48. |secxdx, sectx=1+tan?x

49, |2sin®xdx, cos2x=2sin’x— 1

tan* x dx, tan?x =secix — 1

(cos x — sin* x)dx, cos2x = cos?x — sinx

S50. [4{:05 xdy, cos2yx=1—2cos?x
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47. l sin? 2xdx, sin?2x =1 — cos? 2x
i S )

js;/\@“) : S/}\Q(Ax) A =

S Cor 25
$in Q) . <y7MzQx dy
U= ro (QX\

Az -2 £ialx) o

Rduz ¢, Q) dy

R

<u %“5$L

Mr—

~

In Exercises 53—-66, make a u-substitution and integrate from u(a)
to ulb).

-3
3. ] Vy+1dy

—

-1
4, ] rNV1 = rtdr
0

n

0 -1

55, [ tan x sec? x dx 56. ] . {4 +ré]‘

= ll ]0"\/5 33 l _ cosx

= o (1 _H)zz}z ) Joo V4 + lslnr '

=320 sin 20 d00

tn

-~
9, ] Vi3 + 21 (5H~2)ldr ﬁ{}.[
0 i

7 5
61. [ dx 62. [ _dx
Joox+2 Jy 2x =3
2 p 314
63. [ —r— 64. cot x dx
1 t—3 e

=

b3

3 2
e v
65. I‘ dx 6. [ v dx
J_ ot Jo 34 €

3 <.r05(>x) = %(res(bx\\\s T Q

December 14, 2017
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Two Routes to the Integral In Exercises 67 and 68, make a
substitution # = -~ (an expression in x), du = -, Then

(a) integrate with respect to u from u(a) to u(b).

(b) find an antiderivative with respect to i, replace u by the
expression in x, then evaluate from a to b.

1 x-_,'
6?, [ jd,‘f
Jo Vxt+9
/3
68. (1 — cos 3x) sin 3x dx
/6

069, Show that

Cos X

is the solution to the initial value problem
dy
—— =13 A 3)=275.
oy~ tanx f(3)
(See the discussion following Example 4, Section 5.4.)

70, Show that .
sin x

}.‘:]n

sin 2

is the solution to the initial value problem

dv
d‘i =cotx, f(2)=6.

Standardized Test Questions

You should solve the following problems without using
a graphing calculator.

4
71. True or False By u-substitution, J:j tan® x sec? x dx =
=4

fo 1 du. Justify your answer,

72.

[

True or False If fis positive and differentiable on [a, 5], then

g J
f;;ri;fx =In ( %) Justify your answer.

Multiple Choice [tan x dx =

2
(A) “"T" +C
(B) Inlcotx| + €
(C) Inlcos x|+ C
(D) —In \cos )f\ +C

(E) —In|cotx] + €

73.

o

7

&

2
. Multiple Choice [ ¢ dx =
4 _
) ? B e—1 (© -2 Dy 2t-2 @ S

~
)

5. Multiple Choice If J:f(x — a) dx = 7 where a is a constant,
then J?::f(x] dx =
A)7+a BY7 (C)T7—a D) a—7 (E) =7

76. Multiple Choice If the differential equation dy/dx = f(x)

leads to the slope field shown below, which of the following
could be [F(x) dx?

(A) sinx + C (B) cosx + C (C) —sinx+ C

+C

inl
TR oy SINTX
D) —cosx+ C (E) —

NNN~—r A /S m— NN
NANNm— L NN
NANS— S F S m NN
NNNS—S S S e NN NN
NANNS—=F A =N
NSNS~ 7 f 7=~ N
NANNS— AL S SN
NANNS—A S S oSN
NANNS—=Ff /m— NN
NANNS— S S Y S NN
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Explorations

77.

78.

Constant of Integration Consider the integral

[vm d.

5
(a) Show that [\/mdx = %(x +1)¥2+ C

(b) Writing to Learn Explain why
X X
y1=[\/!+la'f and )‘2=[\/r+ldf
Jo I3
are antiderivatives of Vx + 1.

(c) Use a table of values for y; — y, to find the value of C for
which y, =y, + C.

(d) Writing to Learn Give a convincing argument that

3
C= [ Va+1dx
70

Group Activity Making Connections Suppose that

[f(x]dx=F(x)+ C.
(a) Explain how you can use the derivative of F(x) 4+ C to
confirm the integration is correct.

(b) Explain how you can use a slope field of f and the graph of
v = F(x) to support your evaluation of the integral.

(¢) Explain how you can use the graphs of y, = F(x)
and y, = Jg‘f(f) di to support your evaluation of the integral.
(d) Explain how you can use a table of values for y, — v,,

v, and y, defined as in part (c), to support your evaluation of the
integral.

(e) Explain how you can use graphs of f and NDER of F(x) to
support your evaluation of the integral.

(f) Tllustrate parts (a)—(e) for f(x) = B —
Val+1
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